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This paper contains a classiﬁcation of ﬁnite linear spaces with an automorphism
group which is an almost simple group of Lie type acting ﬂag-transitively. This
completes the proof of the classiﬁcation of ﬁnite ﬂag-transitive linear spaces
announced in [BDDKLS]. # 2002 Elsevier Science (USA)1. INTRODUCTION
A linear space S is an incidence structure of points and lines, such that any
two points are incident with exactly one line, any point is incident with at
least two lines, and any line with at least two points. Also, S is non-trivial
provided some line has more than two points. A flag of S is a pair ðp;LÞ;
where p is a point incident with the line L:
In [BDDKLS], a classiﬁcation was announced of the pairs ðS;GÞ; where S
is a non-trivial ﬁnite linear space and G is a group of automorphisms of S
acting transitively on the ﬂags of S: This paper is a contribution to the proof
of this classiﬁcation.
According to a result of Higman and McLaughlin [HMcL], any ﬂag-
transitive group G must act primitively on the points of S: Using this
observation and the O’Nan–Scott theorem for ﬁnite primitive permutation
groups, it is shown in [BDD, Sect. 5] that one of the following holds for any
ﬂag-transitive group G:
(a) G is almost simple;
(b) G is of afﬁne type.322
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in [Li3]. In case (a), let X be the simple socle of G: Delandtsheer [De1]
handled the case where G is one of the simple groups L2ðqÞ;L3ðqÞ;U3ðqÞ and
2B2ðqÞ: Kleidman [Kl3] investigates the case of exceptional groups of Lie
type; he gives the proof for three of the ten families (E8ðqÞ;E7ðqÞ and 2G2ðqÞ)
and provides hints for the other seven. This paper completes the proof for
the case where X is a simple group of Lie type, by dealing with the classical
groups, and then, in an Appendix, supplying some further details for the
exceptional groups.
Before stating the main result, we present the examples which occur in this
case.
Example 1.1. Desarguesian projective spaces.
Here S ¼ PGðd; qÞ is a projective space of dimension d52 over Fq: Any
group G with Ldþ1ðqÞ4G4PGLdþ1ðqÞ acts ﬂag-transitively on S: We
remark that there is one additional sporadic example, with G ¼ A7 on
PGð3; 2Þ (cf. [Ka2, BDD]).
Example 1.2. Witt spaces.
These are sometimes called the Witt–Bose–Shrikande spaces. Let q ¼ 2n
with n53: Then the space WðqÞ can be deﬁned from the group L2ðqÞ: the
points are the dihedral subgroups of order 2ðq þ 1Þ; the lines are the
involutions of L2ðqÞ; a point being incident with a line precisely when the
dihedral subgroup contains the involution. Any group G with L2ðqÞ4G4
PGL2ðqÞ acts ﬂag-transitively on WðqÞ:
Example 1.3. Hermitian unitals.
Let V be a three-dimensional vector space over the ﬁeld Fq2 with a non-
degenerate hermitian form. The hermitian unital UHðqÞ has as points the
q3 þ 1 totally isotropic 1-spaces in V ; and as lines the sets of q þ 1 points lying
in a non-degenerate 2-space. Any group G with U3ðqÞ4G4PGU3ðqÞ acts ﬂag-
transitively. We remark that in the case where q ¼ 2 the groups are soluble.
The next class of examples arises from the Ree groups, a family of twisted
exceptional groups (cf. [Ka1,Kl3]).
Example 1.4. Ree unitals.
For any non-negative integer e; there is a Ree group 2G2ðqÞ with q ¼
32eþ1; acting 2-transitively on the set of q3 þ 1 points. Any pair of points is
ﬁxed by a unique involution, and the ﬁxed point set of such an involution is
a set of q þ 1 points which is then a line. The resulting linear space, denoted
by URðqÞ; is a Ree unital. Any group with 2G2ðqÞ4G4Autð2G2ðqÞÞ acts
JAN SAXL324ﬂag-transitively. For q ¼ 3; we have URð3Þ isomorphic to Wð8Þ; as 2G2ð3Þ0 is
isomorphic to L2ð8Þ:
We now state our main result.
Main Theorem. Let S be a finite non-trivial linear space, with a flag-
transitive group G of automorphisms of S. Assume that G is almost simple,
with the simple socle of G being a classical simple group. Then S and G are as
in Examples 1.1–1.3 above.
Combined with the result of Kleidman for exceptional groups mentioned
above and discussed in the Appendix, we have
Corollary. Let S be a finite non-trivial linear space, with a flag-
transitive group G of automorphisms of S. Assume that G is almost simple,
with the simple socle of G being a simple group of Lie type. Then S and G are
as in Examples 1.1–1.4 above.
As for the remaining almost simple groups, the case where the socle X is an
alternating group was handled by Delandtsheer and appears in [De2]. The case
where X is a sporadic simple group was treated in [BDD2] and in [Da]; there
are no non-trivial examples there. As a consequence, we get the following.
Corollary. Let S be a finite non-trivial linear space, with a flag-
transitive group G of automorphisms of S. Assume that G is almost simple.
Then S and G are as in Examples 1.1–1.4 above.
Some special cases of the theorem have been studied by a number of
authors. In particular, Kantor [Ka1,Ka2] dealt with the cases where S is a
projective plane or where G is 2-transitive on the points of S:
2. PRELIMINARY RESULTS
In this section, we collect various useful results on ﬂag-transitive linear
spaces and groups of Lie type, most of them taken from the literature.
Throughout, let S be a ﬁnite non-trivial linear space, and G a ﬂag-
transitive group of automorphisms of S: We shall assume that G has a
simple socle FnðGÞ ¼ X ; which is a simple group of Lie type. Let H be the
stabilizer of a point x in S; then H is a maximal subgroup of G: Let v be the
number of points of S; let k be the size of a line, and let r be the number of
lines through a given point.
Lemma 2.1. (i) If b is the number of lines, then bk ¼ vr and
v  1 ¼ rðk  1Þ:
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ﬃﬃ
v
p
; hence
jHj3 > jGj:
(iii) r divides any non-trivial subdegree of G on the set of points of S;
in particular, r divides the greatest common divisor ðjHj; v  1Þ:
Proof. Part (i) is well known. For (ii), observe that r5k as any line not
containing a meets each of the r lines through a in at most 1 point. Hence
v ¼ rðk  1Þ þ 1or2: To prove (iii), note that an orbit of Gx meets each of
the r lines through x in the same number of points, since Gx is transitive on
the set of r lines on x: ]
Lemma 2.2. (i) If s is a prime dividing r and Q is a Sylow s-subgroup
of Gx; then NGðQÞ4Gx:
(ii) If also G is a group of Lie type, and s is different from p and does not
divide the order of the Weyl group of G, then NGðTÞ4NGðQÞ4Gx for some
torus T of G.
Proof. By Lemma 2.1(iii), x is the only point ﬁxed by Q: It follows that
NGðQÞ also ﬁxes x; as claimed.
The second part follows: Since s does not divide the order of the Weyl
group of G; there is a torus T in G containing Q}cf. [SS, II], and then
NGðTÞ4NGðQÞ since Q is characteristic in T : ]
Next we state a well-known result on ﬁnite groups of Lie type.
Lemma 2.3 (Tits Lemma). If X is a group of Lie type in characteristic p;
then any proper subgroup of index prime to p is contained in a proper parabolic
subgroup of X :
As a consequence, we obtain a slight strengthening of part (ii) of
Lemma 2.1.
Lemma 2.4. If the stabilizer H of the point x is not a parabolic subgroup
of G, then p does not divide r; and jHj:jHj2p0 > jGj:
Proof. By Lemma 2.3, p divides v; and hence is prime to r: Since
r2 > v ¼ jG : Hj; the claim follows. ]
Lemma 2.5. If X is a group of Lie type in odd characteristic, other than
LdðqÞ or E6ðqÞ; then the index of any parabolic subgroup is even.
Proof. This is easy arithmetic, cf. [LS]. ]
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set of cosets of a maximal parabolic subgroup, then there is a unique subdegree
which is a power of p; except in the cases where X is one of LdðqÞ; POþ2mðqÞ
(with m odd) or E6ðqÞ:
Proof. This is well known, and follows from [LSS1, 3.9]. Except in the
groups excluded, the parabolic subgroup H1 of X opposite to H is G-
conjugate to H; and the desired suborbit is the H-orbit containing H1: We
remark that even in the cases excluded, many of the maximal parabolic
subgroups still have the property as asserted. ]
We now recall some notation based on Aschbacher’s theorem
[As1] (cf. also [KL]). This theorem divides subgroups of classical
groups into nine families. We shall use the notation Ci with 14i48 for
the eight Aschbacher geometric families (with the additional family
C01 in case of X ¼ LdðqÞ; and several additional families in the case
where X ¼ PSp4ðqÞ and q is a power of 2, when the graph automorphism is
present), and S for the set of almost simple subgroups not in one of
the Ci: In investigating the subgroups in the Aschbacher families, we make
frequent use of the precise information about their structure obtained in
[KL, Chap. 4]. In describing the Aschbacher subgroups, we use sometime
the symbol # to indicate that we are giving the structure of the pre-image in
the corresponding linear group. The strategy is to use Lemma 2.1: in
general, in almost simple primitive permutation groups, the subdegrees have
no very large common divisor. We consider the classical groups family by
family, starting with the symplectic groups, then the orthogonal groups
and the unitary groups, and ﬁnally the linear groups. First we consider the
actions on Aschbacher subgroups and then actions on almost
simple subgroups. In the latter, the stabilizers are in general too small to
qualify, as we see from the bounds of Liebeck. For small dimensions d;
where Liebeck’s bounds do not apply, we use the lists of maximal subgroups
in [Kl1, Chap. 5] (see also [HM] and [Lu¨]).
Throughout the paper, we assume that S is a non-trivial linear
space, on which the group G acts ﬂag-transitively. We ﬁx a point x
and a line l: We denote by H the stabilizer of x in G: Since G is primitive
on the set of vertices, H is a maximal subgroup of G: We assume
that the socle X of G is a simple classical group, X ¼ XdðqÞ; with a
natural projective action on a vector space V of dimension d over
the ﬁeld Fq (respectively Fq2 in the case of unitary groups). Put
q ¼ pe: We shall exclude the groups L2ðqÞ with q 2 f4; 5; 9g; L4ð2Þ
and Sp4ð2Þ0; as they are isomorphic to alternating groups, which are treated
in [De2].
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Here X ¼ PSp2mðqÞ with m52 and ðm; qÞað2; 2Þ: Write e1; f1; . . . ;
em; fm for a standard symplectic basis for V :
(1) If H 2 C1 then H is reducible, either parabolic or stabilizing a
non-singular subspace.
(a) First assume that H ¼ Pi; the stabilizer of a totally singular
i-subspace of V ; with i4m: Then
v ¼ ðq
2m  1Þðq2m2  1Þ . . . ðq2m2iþ2  1Þ
ðqi  1Þðqi1  1Þ . . . ðq  1Þ :
Then we see that v is congruent to q þ 1 modulo pq; whence q is the highest
power of p dividing v  1: There is a subdegree which is a power of p
(cf. Lemma 2.6). It follows that r divides q; contrary to r2 > v:
(b) Next take H ¼ N2i; the stabilizer of a non-singular 2i-subspace
U of V ; with 2iom: Then p divides v; so r is prime to p: Take U ¼
he1; f1; . . . ; ei; fii and W ¼ he1; f1; . . . ; ei1; fi1; eiþ1; fiþ1i: The p0-part of the
size of the H-orbit containing W is ðq2i  1Þðq2m2i  1Þ=ðq2  1Þ2: Since
v > q4iðmiÞ; this is contrary to r2 > v:
ð10Þ If H 2 C01; then 2m ¼ 4; q is even and H is the normalizer in G of a
Borel subgroup of X : Then v ¼ ðq þ 1Þðq3 þ q2 þ q þ 1Þ; so 2q is the highest
power of 2 dividing v  1: On the other hand, as before, r is a power of 2,
contrary to r2 > v:
(2) If H 2 C2; then H preserves a partition V ¼ V1      Va with all
the Vi isomorphic subspaces of V :
(a) First let Vi be totally singular subspaces of the maximal
dimension m: Then H \ X ¼ #GLmðqÞ:2; and q is odd by maximality of H:
Then v ¼ qmðmþ1Þ=2ðqm þ 1Þðqm1 þ 1Þ . . . ðq þ 1Þ=2 > qmðmþ1Þ=2: Note that r
is prime to p: If
x ¼ fhe1; . . . ; emi; hf1; . . . ; fmig; y ¼ fhe1; . . . ; em1; fmi; hf1; . . . ; fm1; emig;
we see that the p0-part of the size of the H-orbit of y divides 2ðqm  1Þ; and
so r also divides 2ðqm  1Þ; contrary to r2 > v:
(b) Assume that each of the Vj is non-singular of dimension 2i; and
so H \ X ¼ #Sp2iðqÞwSt; with it ¼ m: If
x ¼ fhe1; f1; . . . ; ei; fii; heiþ1; fiþ1; . . . ; e2i; f2ii; . . .g;
take
y ¼ fhe1; f1; . . . ; ei; fi þ eiþ1i; heiþ1; fiþ1  ei; eiþ2; . . . ; e2i; f2ii; . . .g:
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ðq2i  1Þ2=2ðq  1Þ: Now v > q2i2tðt1Þ=t!: From r2 > v we deduce that t!t4 >
q2i
2tðt1Þ8iþ2 and hence ttþ4 > q2tðt1Þ6; whence to4: Moreover, if t ¼ 3
then ro6q4i1; so 63 > q12i28iþ2; and so q ¼ 2 and i ¼ 1; but then H is not
maximal [At, p. 46]. Finally let t ¼ 2: Then ro2q4i1; so 8 > q4i28iþ2: Thus
i42; and if i ¼ 2 then q ¼ 2; then v ¼ 45696 and so r ¼ 5; which is
impossible. It follows that i ¼ 1; X ¼ PSp4ðqÞ and v ¼ q2ðq2 þ 1Þ=2: It is
convenient to think of this action of X as that of O5ðqÞ on Nþ1 ; the set of non-
singular hyperplanes of O5ðqÞ of type Oþ4 ðqÞ: We can calculate the
subdegrees of X as in [LPS2, Proposition 1] (or see [BHS, Chap. 3]). They are
ðq2  1Þðq þ 1Þ; qðq2  1Þ=2; and ðq  3Þ=2 times qðq2  1Þ if q is odd, and
ðq2  1Þðq þ 1Þ; and ðq  2Þ=2 times qðq2  1Þ if q is even.
Since r2 > v and since r divides each of the subdegrees, q must be even
(since in the other case r would divide ðq2  1Þ=2; which is too small). And r
is q2  1 or 3ðq2  1Þ; with q congruent to 2 mod 3 and 3 dividing jG=X j in
the latter case. In the former case, k  1 ¼ ðv  1Þ=r ¼ ðq2 þ 2Þ=2; so
k ¼ ðq2 þ 4Þ=2 and b ¼ vr=k ¼ q2ðq4  1Þ=ðq2 þ 4Þ: Then q2 þ 4 divides
q2ðq4  1Þ; and so q ¼ 4: Then b ¼ 204; but Sp4ð4Þ has no subgroup of
this index [At, p. 44]. In the latter case, k ¼ ðq2 þ 8Þ=6 and
b ¼ 9q2 ðq4  1Þ=ðq2 þ 8Þ: As 3 divides q  2; it follows that q ¼ 8; r ¼
189 and G ¼ Sp4ð8Þ:3: Moreover, the stabilizer in H \ X ¼ L2ð8ÞwS2 of a
line has index 63, since X is not ﬂag-transitive here. However, it is easy to
see that L2ð8ÞwS2 has no subgroup of index 63.
(20) If H 2 C02; then 2m ¼ 4; q is even and H \ X ¼ D2ðq1ÞwS2: Then
r divides ðq  1Þ2 log2 q; contrary to r2 > v:
(3) If H 2 C3; so H is an extension ﬁeld subgroup, then there are two
possibilities.
(a) Assume ﬁrst that H \ X ¼ PSp2iðqtÞ:t with m ¼ it and t a
prime number. Since jHj3 > jGj; we get t ¼ 2 or t ¼ 3: If t ¼ 3; then as
r2 > v; we have i ¼ 1; so H \ X ¼ PSp2ðq3Þ:3oPSp6ðqÞ ¼ X ; then
v ¼ q6 ðq4  1Þðq2  1Þ=3; so r is prime to q þ 1; on the other hand, by
the Tits Lemma applied to PSp2ðq3Þ; we see that q3 þ 1 divides r; a
contradiction.
Now let t ¼ 2: Then v ¼ q2i2ðq4i2  1Þðq4i6  1Þ . . . ðq2  1Þ: Consider
the subgroup Sp2ðq2Þ8Sp2i2ðq2Þ of H \ X : This is contained in Sp4ðqÞ8
Sp4i4ðqÞ in X : Taking g 2 Sp4ðqÞ=Sp2ðq2Þ we see that Sp2i2ðq2Þ is
contained in H \ Hg; so that r divides ðq4i  1Þlogp q: Since v > q4i
2
=4; it
follows that i42: Moreover, if i ¼ 2; then v ¼ q8ðq6  1Þðq2  1Þ=2; and
since r is prime to v and q2  1 divides v; we see that r divides ðq4 þ 1Þðq2 þ
1Þlogp q; whence we deduce that roq7; contrary to r2 > v:
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action of X as O5ðqÞ on the set of non-singular hyperplanes of type O4 ðqÞ:
The subdegrees are (cf. [LPS2, Proposition 1])
ðq2 þ 1Þðq  1Þ; qðq2 þ 1Þ=2; and ðq  3Þ=2 times qðq2 þ 1Þ if q is odd, and
ðq2 þ 1Þðq  1Þ and ðq  2Þ=2 times qðq2 þ 1Þ if q is even.
Since r2 > v ¼ q2ðq2  1Þ=2 and r divides q2 þ 1; it follows that r ¼ q2 þ 1
and q is even. Now the stabilizer Hl of a line l on x has index q
2 þ 1 and
hence contains a cycle q2  1: As b ¼ vr=k and k ¼ ðv  1Þ=r þ 1 ¼ q2=2; we
have b ¼ q4  1: Thus Hl has index q  1 in the normalizer of the parabolic
subgroup ½q3L2ðqÞ  ðq  1Þ; so Xl ¼ ½q3L2ðqÞ and this contains no cycle
q2  1: This is impossible.
(b) Assume that H \ X ¼ #GUmðqÞ:2; with q odd. Then r is odd,
since v is even. Also, r is prime to p; so by the Tits Lemma, the stabilizer in
H \ X of a line is contained in a parabolic subgroup. However, the indices
of parabolic subgroups in unitary groups of odd characteristic are even, so
this is a contradiction, since v is even.
(30) If H 2 C03; then n ¼ 4; q is even and H \ X ¼ ðq2 þ 1Þ:4; which is
too small.
(4) If H 2 C4; then H stabilizes a decomposition of V as a tensor
product of two spaces of different dimensions, and H is too small to satisfy
jHjjHj2p0 > jGj:
(5) If H 2 C5; then H \ X ¼ PSp2mðq0Þ:a; with q ¼ qb0 for some prime
b; and a42 (with a ¼ 2 if and only if b ¼ 2 and q is odd). Since jHjjHj2p0 >
jGj; we have b ¼ 2: Then v ¼ qm2=2ðqm þ 1Þ . . . ðq þ 1Þ=ð2; q  1Þ; so v >
qmð2mþ1Þ=2=2: Now H stabilizes a GFðq0Þ-subspace W of V : Considering a
non-singular two-dimensional subspace of W we see that
Sp2ðq0Þ8Sp2m2ðq0ÞoSp2ðqÞ8Sp2m2ðqÞoX :
Taking g 2 Sp2ðqÞ=Sp2ðq0Þ we get Sp2m2ðq0ÞoH \ Hg: It follows that there
is a subdegree of X with the p0-part dividing q2m0  1; so that r divides
ðqm  1Þlogp q: This is contrary to r2 > v:
(6) If H 2 C6; then H \ X ¼ 22sO2sð2Þ:a; with q an odd prime, 2m ¼ 2s
and a42: As jHj3 > jGj; we have s43: Furthermore, if s ¼ 3 then q ¼ 3;
and if s ¼ 2 then q is one of 3, 5, 7 and 11. These remaining few cases are
now easily ruled out}we get r42 and a contradiction.
(7) If H 2 C7; then H ¼ NGðPSp2aðqÞ2k2k1AkÞ and 2m ¼ ð2aÞk58:
This is impossible, since jHj3 > jGj:
(8) If H 2 C8; then H \ X ¼ Oe2mðqÞ with q even. We can assume that
q > 2}otherwise the action is 2-transitive. The case 2m ¼ 4 has been
investigated already, so assume that 2m56: Now v ¼ qmðqm þ eÞ=2; and
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subdegrees of X are ðqm  eÞðqm1 þ eÞ and ðq  2Þ=2 times qm1ðqm  eÞ: It
follows that r divides ðqm  eÞ:c; where c ¼ ðq  2; qm1 þ eÞ: On the other
hand, by the Tits Lemma, r is divisible by the index of a parabolic subgroup
in Oe2mðqÞ: This is clearly not so.
(9) Finally, consider the case where H is in S; so is an almost simple
group (modulo the scalars), not contained in one of the Aschbacher
subgroups of G: For 2m410; such subgroups are listed in [Kl1]. (Note,
incidentally, that this part of the list is not too hard to reproduce, using
methods of [Li1] together with the information in [At,ModAt]. See also
[HM] and [Lu¨].)
(a) Assume ﬁrst that 2m ¼ 4: Then we have one of the following:
(i) H \ X ¼ SzðqÞ with q even;
(ii) H \ X ¼ L2ðqÞ with q55; and
(iii) H \ X ¼ A6:a with a42 and q ¼ p55: In the ﬁrst case, v ¼
q2ðq2  1Þðq þ 1Þ: By the Tits Lemma applied to SzðqÞ; we see that q2 þ 1
divides r: However, the greatest common divisor of v  1 and q2 þ 1 equals
ðq  2; 5Þ; whence q ¼ 2; a case excluded throughout. In the second case,
since r is prime to v; we have r4log q; which is far too small. In the third
case, r must be odd, so r divides 45, contrary to r2 > v:
(b) Let 2m ¼ 6: As jHjjHj2p0 > jGj; we see from [Kl1] that either
H \ X ¼ G2ðqÞ with q even, or H \ X ¼ J2oPSp6ð5Þ ¼ X : In this last case,
r divides 337; so is too small. And if H \ X ¼ G2ðqÞ then v ¼ q3ðq4  1Þ; so
r is prime to q þ 1; on the other hand, by the Tits Lemma applied to G2ðqÞ;
we see that ðq6  1Þ=ðq  1Þ divides r; a contradiction.
(c) Now assume that 2m58: If 2m > 12; we use [Li1, Theorem 4.1].
If 2m is 8 or 10, then by [Kl1] we have H ¼ S10oSp8ð2Þ ¼ G: Since r is
prime to v; we see that r divides 35 and so is too small. Similarly, if H ¼
S14oSp12ð2Þ ¼ G; then r divides 49:11:13; which is too small. If 2m ¼ 12; by
[Li1] we have jHj at most q28: Since jHjjHj2p0 > jGj; it follows that jHjp0 is
greater than q24: Hence H is not a group of Lie type in the same
characteristic. The other possibilities for H are easily ruled out, using
methods of [Li1]}note that H 0 is not alternating.
4. ORTHOGONAL GROUPS OF ODD DIMENSION
Here X ¼ O2mþ1ðqÞ with q odd and n ¼ 2m þ 157:
(1) If H 2 C1; then H is either parabolic or stabilizes a non-singular
subspace. In the former case, we argue exactly as in the symplectic case. So
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then e is the type of the orthogonal complement).
Let i ¼ 1 ﬁrst. Then v ¼ qmðqm þ eÞ=2; and the X -subdegrees are
ðqm  eÞðqm þ eÞ; qm1ðqm  eÞ=2; and ðq  3Þ=2 times qm1ðqm  eÞ: Then
r divides ðqm  eÞ=2; contrary to r2 > v:
Hence i52: If W is our i-space stabilized by H; choose w 2 W with
QðwÞ ¼ 1 and u 2 W? with QðuÞ ¼ c for some non-square c in GFðqÞ:
Then hu;wi is of type N2 ; and if g 2 G stabilizes W? pointwise but ﬁxes
neither u nor w; we get H \ Hg containing SOi1ðqÞ  SOni1ðqÞ:We deduce
that r42qm logp q; contrary to r
2 > v; as v > qiðniÞ=4; q is odd and m53:
(2) If H 2 C2; then H is the stabilizer of a subspace decomposition into
isometric non-singular spaces. Since jHjjHj2p0 > jGj; the only possibilities are
H \ X ¼ 26A7oO7ðqÞ with q either 3 or 5;
and
H \ X ¼ 2n1AnoOnð3Þ with n one of 7; 9 and 11:
In each of these we check that the fact that r divides v  1 forces r2ov; a
contradiction.
(3) If H 2 C3; then H \ X ¼ OaðqtÞ:t with n ¼ at: Since t is odd, this is
too small.
(4) If H stabilizes a tensor product of non-singular subspaces, these
have to have odd dimensions and H is too small.
(5) If H 2 C5; then H \ X ¼ Onðq0Þ:a; with q ¼ qb0 for some prime b;
and a42 (and in fact a ¼ 2 if and only if b ¼ 2). Since jHjjHj2p0 > jGj; we
have b ¼ 2: Since r is prime to q; by the Tits Lemma r is divisible by the
degree of some parabolic action of H and hence is even. This is not so, since
v is even.
(6) Next, the classes C6 and C8 are empty here.
(7) Finally, consider the case where H is in S: Arguing as in the
symplectic section, we only need to consider the following cases:
(i) H \ X ¼ G2ðqÞoO7ðqÞ ¼ X with q odd,
(ii) H \ X ¼ Sp6ð2ÞoO7ðpÞ with p either 3 or 5, or
(iii) H \ X ¼ S9oO7ð3Þ:
In the ﬁrst of these, v ¼ q3ðq4  1Þ=2; so r is odd; on the other hand,
by the Tits Lemma applied to G2ðqÞ we see that r is divisible by
ðq6  1Þ=ðq  1Þ; a contradiction. In the remaining cases we see that r is
too small, as it divides v  1 and jHj:
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Here X ¼ POe2mðqÞ; with m54: We postpone the case where ðm; eÞ ¼
ð4;þÞ and G contains a triality automorphism till the end of this section
(Case 10). We write e1; f1; . . . ; em; fm for a standard basis for V in the O
þ
2m-
case, and e1; f1; . . . ; em1; fm1; d; d 0 in the O2m-case.
(1) Let H 2 C1:
(a) Assume ﬁrst that H stabilizes a totally singular i-space, and
suppose that iom: Thus H ¼ Pi; unless i ¼ m  1 and e ¼ þ; in which case
H ¼ Pm1;m: There is a unique X -subdegree that is a power of p (Lemma 2.6
applies to this case}the only case where it fails for the orthogonal groups is
when e ¼ þ; m is odd and H is Pm or Pm1). On the other hand, it is easy to
check that the highest power of p dividing v  1 divides q2 or 8. This is
contrary to r2 > v:
Next take H ¼ Pm in the case X ¼ POþ2mðqÞ (note that here Pm1 and Pm
are the stabilizers of totally singular m-spaces from the two different
X -orbits). If m is even, then
x ¼ he1; . . . ; emi; y ¼ h f1; . . . ; fmi
are in the same X -orbit, and the Gx-orbit of y has size a power of p: On the
other hand, q is the highest power of p dividing v  1 here, so r is too small. Let
m be odd, m55: Then v ¼ ðqm1 þ 1Þðqm2 þ 1Þ . . . ðq þ 1Þ > qmðm1Þ=2: Let
x ¼ he1; . . . ; emi; y ¼ he1; f2; . . . ; fmi:
Then x and y are in the same X -orbit, and the index of Gxy in Gx has p
0-part
dividing qm  1: Since q is the highest power dividing v  1; we see that
r divides qðqm  1Þ: Now r2 > v; so m ¼ 5: Then the action here is of
rank three, with non-trivial subdegrees qðq2 þ 1Þðq5  1Þ=ðq  1Þ and
q6ðq5  1Þ=ðq  1Þ: Thus r divides qðq5  1Þ=ðq  1Þ: Since r2 > v; we have
r ¼ qðq5  1Þ=ðq  1Þ: Hence k ¼ ðv  1Þ=r þ 1 ¼ q5 þ q2 þ 2; and b ¼ vr=k;
whence q5 þ q2 þ 2 divides vr: This is impossible, since ðq5 þ q2 þ 2;
qi þ 1Þ ¼ ðq  1; 2Þ for i44 and ðq5 þ q2 þ 2; q5 þ q4 þ q3 þ q2 þ qÞ divides
ðq; 2Þðq2 þ 3Þ:
(b) Next assume that H ¼ Ni: First let i ¼ 1: The subdegrees of X
can be obtained as in [LPS2, Proposition 2], or see [BHS]. They are
q2m2  1; qm1ðqm1 þ eÞ=2; ðq  1Þ=4 times qm1ðqm1  eÞ and
ðq  5Þ=4 times qm1ðqm1 þ eÞ if q is 1 mod 4,
q2m2  1; qm1ðqm1  eÞ=2; ðq  3Þ=4 times qm1ðqm1  eÞ and
ðq  3Þ=4 times qm1ðqm1 þ eÞ if q is 3 mod 4, and
q2m2  1; q=2 times qm1ðqm1  eÞ and ðq  2Þ=2 times qm1ðqm1 þ eÞ
if q is even.
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so r2ov: And if q is even then r4qm1 þ 1; whereas v ¼ qm1ðqm  eÞ; so
again r2ov:
Now let H ¼ Ne1i ; with 1oi4m; and e1 ¼  present only if i is even.
If q is odd, we get as before in the odd-dimensional case that SOi1ðqÞ 
SOni1ðqÞ4H \ Hg for some g 2 G=H: Since r is prime to p; we deduce
that ro4qm logp q; contrary to r2 > v: Assume then that q is even. Then i is
even as well. Let i ¼ 2: We can ﬁnd g1; g2 2 G=H with H \ Hg15SOþn4ðqÞ
and H \ Hg25SOn4ðqÞ: Hence r divides ðq  e1Þðqm1  ee1Þðlog2 qÞ20 ; so
r2ov: Let ﬁnally 2oi4m: Then we can ﬁnd g 2 G=H so that H\
Hg5SOe1i2ðqÞ SOe2ni2ðqÞ with e2 ¼ ee1: It follows that r divides ðqi=2
e1Þðqði2Þ=2þ e1ÞðqðniÞ=2 þ e2Þðqðni2Þ=2 þ e2Þðlog2 qÞ20 ; contrary to r2 > v:
(2) Let H 2 C2; so H is an imprimitive subgroup of G stabilizing a
decomposition V ¼ V1      Va; with the dimension of each Vi equal to b;
so n ¼ ab: There are three possibilities here.
(a) Assume ﬁrst that all the Vi are non-singular and isometric (and
if b is odd that so is q). If b ¼ 1 then as jHjjHj2p0 > jGj; we have H \ X ¼
2n2An with n either 8 or 10 and X either POþ8 ð3Þ or PO10ð3Þ; respectively
(note that if X ¼ POþ8 ð5Þ then the maximality of H in G forces G4X :2
(cf. [Kl2]), so H is too small). In the former case, r divides 56, in the latter r
is a power of 2, so neither is possible as r2 > v:
Next let b ¼ 2: If q > 2; we can ﬁnd g 2 G=H so that H \ Hg contains
the stabilizer of V3      Va: It follows that r is at most aða  1Þ:
½2ðq þ 1Þ2jOut X j; and since r2 > v; we deduce that n ¼ 8 and q ¼ 3:
Similarly, for q ¼ 2; we can ﬁnd g 2 G=H so that H \ Hg contains the
stabilizer of V4      Va; and so r is at most aða  1Þða  2Þ
½2ðq þ 1Þ3jOut X j; whence n is 8 or 10. These remaining three cases are
easily ruled out, using as usual the fact that r divides v  1:
Finally, let b > 2: Since jHjjHj2p0 > jGj; we have b ¼ m (and so e ¼ þ). Let
d be the type of the Vi if m is even. Let m ¼ 4 ﬁrst. Then v ¼ q8ðq2 þ
1Þ2ðq4 þ q2 þ 1Þ=4 if d ¼ þ; and v ¼ q8ðq6  1Þðq2  1Þ=4 if d ¼ : In the
former case, ðq2  1; v  1Þ42 and 4 does not divide v  1; so r divides
6ðlogp qÞ20 ; contrary to r2 > v: In the latter case, v is even and divisible by
q2  1; whence r divides the odd part of 3ðq2 þ 1Þ2 logp q; again contrary to
r2 > v: Thus m55: Now we argue as in (1b) above.
(b) Next, the case where m and q are odd, a ¼ 2 and V1;V2 are
similar but not isometric is also handled as in (1b) above.
(c) Now consider the case where e ¼ þ; a ¼ 2 and V1;V2 are
totally singular. If m ¼ 4; we can apply a triality automorphism of X to get
to the case H ¼ Nþ2 ; which we have ruled out in (1) above. Assume then that
m55: Then v ¼ qmðm1Þ=2ðqm1 þ 1Þðqm2 þ 1Þ . . . ðq þ 1Þ=2e; where e is 0 or
1 (cf. [KL, 4.2.7]), so v > qmðm1=2:
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hence r divides ðqm  1Þðqm1  1Þ logp q; and in fact, since r is prime to v; it
must divide the odd part of
ðqm1Þðqm11Þlogp q
ðqþ1Þ : This is contrary to r
2 > v:
(3) Let H 2 C3; so H is an extension ﬁeld subgroup. There are two
possiblities (cf. [KL, 4.3]).
(a) First assume that H ¼ NGðOdn=sðqsÞÞ; with s a prime and d ¼  if
n=s is even (and empty otherwise). Since jHj3 > jGj; we have s ¼ 2: If q is
odd, we apply the Tits Lemma to H; to see that a parabolic degree of H
divides r; it then follows that r is even, but we see that v is even, contrary to r
dividing v  1: Hence q is even and therefore also m is even. Then v ¼
qm
2=2ðq2m2  1Þðq2m6  1Þ . . . ðq2  1Þ=2e; with e42 (cf. [KL, 4.3.14,
4.3.16]). Since r divides v  1; it is prime to q2  1: It then follows that
r2ov; which is not so.
(b) Now let H ¼ NGð#GUmðqÞÞ; with e ¼ ð1Þm: If q is odd, we
argue as before, so let q be even. If m ¼ 4; apply a triality automorphism of
X so that the action of G becomes that on N2 ; a case already ruled out in
(1b) above. Let m55 then. Now H is the stabilizer of a hermitian form ½ ; 
on V over GFðq2Þ such that our quadratic form Q preserved by X satisﬁes
QðvÞ ¼ ½v; v for v 2 V : Let W be a non-singular two-dimensional hermitian
subspace over GFðq2Þ: Then W over GFðqÞ is non-singular of type Oþ4 : The
pointwise stabilizer of W? in H \ X is GU2ðqÞ and that is a proper
subgroup of the pointwise stabilizer of W? in X : Thus, we can ﬁnd g 2 G=H
so that GUm2ðqÞ4H \ Hg: We deduce that r divides ðqm  ð1ÞmÞðqm1 
ð1Þm1Þlogp q; contrary to r2 > v:
(4) Let H 2 C4; so H stabilizes an asymmetric tensor product. Then
either H ¼ NGðPSpaðqÞ  PSpbðqÞÞ with a; b distinct even numbers, or H ¼
NGðPOe1a ðqÞ  POe2b ðqÞÞ with a; b53 and n ¼ ab: Since jHjjHj2p0 > jGj;
we have n ¼ 8 and H ¼ NGðPSp2ðqÞ  PSp4ðqÞÞ: Applying a triality
automorphism of X ; the action becomes that on N3; a case ruled out
in (1b) above.
(5) Let H 2 C5; a subﬁeld subgroup. Since jHjjHj2p0 > jGj; we have
H \ X ¼ POd2mðq0Þ:2eoPOþ2mðqÞ ¼ X with q ¼ q20 and e42 (cf. [KL, 4.5.10].
Then v > q2m
2m
0 =4: Now H stabilizes a GFðq0Þ-subspace V0 of V : Let U0 be
a 2-subspace of V0 of type O
þ
2 ðq0Þ; let U be a subspace of V of type Oþ2 ðqÞ
containing U0: There exists an element g 2 G=H stabilizing U? pointwise.
It follows that H \ Hg involves POd2m2ðq0Þ: We deduce that r divides
ðqm0  dÞðqm10 þ dÞjOutðX Þj; so r2ov:
(6) Let H 2 C6; an extraspecial normalizer. Since jHj3 > jGj; we have
H \ X ¼ 26A8oPOþ8 ð3Þ ¼ X : Applying a triality automorphism of X ; we
are in one of the cases ruled out in (2a) above.
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of dimension b; with n ¼ ba: Clearly, H is too small here.
(8) The class C8 is empty here.
(9) Next consider the case where H is an almost simple group (modulo
the scalars), not contained in one of the Aschbacher subgroups of G: For
n410; the subgroups H are listed in [Kl1,Kl2]. Since jHjjHj2p0 > G; we have
one of the following:
(i) O7ðqÞoPOþ8 ðqÞ;
(ii) Oþ8 ð2ÞoPOþ8 ðqÞ with q one of 3, 5 and 7;
(iii) A9oOþ8 ð2Þ; A12oO10ð2Þ; A12oPOþ10ð3Þ:
In case (i), applying a triality automorphism gives an action on N1;
already excluded in (1) above. In case (ii), from the fact that r divides v  1
and jHj we deduce that r divides 10, 3 and 3552; respectively, and so is too
small. And in case (iii), since 6 divides v; we see again that r is too small.
Thus n512: If n > 14 then by [Li1, Theorem 4.2] we only have to consider
the cases where H 0 is alternating on the deleted permutation module, and in
fact A17oOþ16ð2Þ is the only candidate which is large enough. Again, r is too
small here, as v is divisible by 2:3:17: Next let n be 12, respectively 14. If X is
alternating, we have to consider only A13oO12ð2Þ; respectively A16oOþ14ð2Þ:
These are easily ruled out as usual. By [Li2, Theorem 4.2], it follows that
jHjoq28; resp. jHjoq32: On the other hand, jHjjHj2p0 > G; so jHjp0 > q18;
respectively jHjp0 > q28: It is now easy to check that no sporadic or Lie type
group will do (cf. [Li2]).
(10) Assume ﬁnally that X ¼ POþ8 ðqÞ and G contains a triality
automorphism. We use [Kl2], where the maximal subgroups are determined.
If H \ X is a parabolic subgroup of X ; it is either P2 or P134: The former
was investigated in (1) above, so consider the latter. Here v ¼ ðq6  1Þ
ðq4  1Þ2=ðq  1Þ3 > q11; and ð3; qÞq is the highest power of p dividing v  1:
Since X has a unique suborbit of size a power of p; we get r4ð3; qÞq;
contrary to r2 > v:
By [Kl2], using the fact that jHjjHj2p0 > G; the only cases not yet
considered are G2ðqÞ for any q; and ½29L3ð2Þ for q ¼ 3: In the ﬁrst case,
v ¼ q6ðq4  1Þ2=ðq  1; 2Þ2; by the Tits Lemma applied to G2ðqÞ; we see that
ðq6  1Þ=ðq  1Þ divides r; whereas on the other hand, r is prime to q þ 1; a
contradiction. And in the last case, r divides 14, which is far too small.
6. UNITARY GROUPS
Here H ¼ UnðqÞ with n53 and ðn; qÞ not ð3; 2Þ or ð4; 2Þ: We write
u1; . . . ; un for an orthonormal basis of V :
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stabilizer Ni of a non-singular subspace.
(a) Let H ¼ Pi for some i4½n=2: Then
v ¼ ðq
n  ð1ÞnÞðqn1  ð1Þn1Þ . . . ðqn2iþ1  ð1Þn2iþ1Þ
ðq2i  1Þðq2i2  1Þ . . . ðq2  1Þ :
There is a unique subdegree which is power of p: A little calculation shows
that the highest power of p dividing v  1 is q2; unless i ¼ ½n=2; in which
case it is q if n is even and q3 if n is odd. If na3; we have v > qið2n3iÞ and
r2ov; a contradiction. If n ¼ 3 then the action is 2-transitive, which we
assume not to be the case (this is where the hermitian unitals arise,
cf. [Ka1]).
(b) Suppose that H ¼ Ni with ion=2: If H is the stabilizer of x ¼
hu1; . . . ; uii; by considering y ¼ hu1; . . . ; ui1; uiþ1i we see that r divides
ðqi  ð1ÞiÞðqni  ð1ÞniÞ: But
v ¼ q
iðniÞðqn  ð1ÞnÞ . . . ðqniþ1  ð1Þniþ1Þ
ðqi  ð1ÞiÞ . . . ðq þ 1Þ ;
and since r2 > v; we have i ¼ 1: Then r divides ðq þ 1Þðqn1  ð1Þn1Þ: On
the other hand, by the Tits Lemma applied to Un1ðqÞ we see that r is
divisible by the degree of a parabolic action of Un1ðqÞ: By inspection, we
get n  144: If n ¼ 5; then r divides ðq þ 1Þðq4  1Þ and is divisible
by q3 þ 1; which is not so. If n ¼ 4; then q3 þ 1 must divide r; whereas
ðv  1; q3 þ 1Þ ¼ q2  q þ 1; so r does not divide v  1: And if n ¼ 3 then
q þ 1 divides r; whereas ðv  1Þ=ðq  1Þ ¼ q3 þ q þ 1 is prime to q þ 1; so
that is also impossible.
(2) Let H 2 C2; so H preserves a partition V ¼ V1      Va with
each Vi of dimension b; so n ¼ ab; and either the Vi are non-singular and the
partition is orthogonal, or a ¼ 2 and the Vi are totally singular.
(a) First assume that the Vi are non-singular. Let b > 1: Taking
x ¼ fhu1; . . . ; ubi; hubþ1; . . . ; u2bi; . . .g
and
y ¼ fhu1; . . . ; ub1; ubþ1i; hub; ubþ2; . . . ; u2bi; . . .g;
we see that r divides aða  1Þðqb  ð1ÞbÞ2: Since r2 > v; we have n ¼ 4
and b ¼ 2: Then v ¼ q4ðq2 þ 1Þðq2  q þ 1Þ=2 and r divides 2ðq2  1Þ2:
Now ðv  1; q þ 1Þ ¼ ð2; q þ 1Þ; so r divides 8ðq  1Þ2; this is contrary to
r2 > v:
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q > 2: Then v ¼ q3ðq2  q þ 1Þðq  1Þ=6 and r divides 6ðq þ 1Þ2 logp q: Since
r2 > v; we have q417: These remaining cases are easily excluded, using the
fact that r divides v  1: Now let n > 3; and let x ¼ fhu1i; hu2i; . . . ; hunig: If
q > 3; let W ¼ hu1; u2i: Taking g 2 G=H acting trivially on W? we see that r
divides nðn  1Þðq þ 1Þ2=2; contrary to r2 > v: And if q43; let W ¼
hu1; u2; u3i: The above argument now gives r dividing nðn  1Þðn  2Þ
ðq þ 1Þ3=6; whence n46 if q ¼ 2; and n44 if q ¼ 3: These last few cases are
now easily excluded, as r divides v  1:
(b) Next assume that a ¼ 2 and both the Vi are singular. Let
e1; f1; . . . ; eb; fb be a standard unitary basis. If x ¼ fhe1; . . . ; ebi; hf1; . . . ; fbig;
consider y ¼ fhe1; . . . ; eb1; fbi; hf1; . . . ; fb1; ebig: We see that r divides
2ðqn  1Þ: Since r2 > v; we have n ¼ 4: Then v ¼ q4ðq3 þ 1Þðq þ 1Þ=2; so r
divides in fact ðq4  1Þ=ðq þ 1Þ; so again r2ov:
(3) Let H 2 C3; so H is a ﬁeld extension group for some ﬁeld extension
of GFðqÞ of odd degree b: Since jHjjHj2p0 > jGj; we have b ¼ 3 and n ¼ 3:
Then v ¼ q3ðq2  1Þðq þ 1Þ=3: Hence r is odd. Thus ro3q2ðlogp qÞ20 ;
and as r2 > v; we have q48: The remaining few cases are easily excluded
as usual.
(4) Let H 2 C4; so H is the stabilizer of the tensor product of two non-
singular spaces of dimensions a > b > 1; then H is too small: jHjjHj2p0ojGj:
(5) Let H 2 C5; so H is a subﬁeld group. There are three possibilities
here.
(a) If H is a unitary group of dimension n over GFðq0Þ; where
q ¼ qb0 with b an odd prime, then clearly b ¼ 3 (as jHj3 > jGj). Moreover,
since jHjjHj2p0 > jGj; we have q ¼ 8 and n44: The remaining two cases are
easily ruled out, using the fact that r divides v  1:
(b) If H \ X ¼ PSOenðqÞ:2 with n even and q odd, by the Tits
Lemma r is divisible by the degree of some parabolic action of H and hence
is even. On the other hand, unless ðn; eÞ ¼ ð4;þÞ; v is even here, so that is
impossible. Assume then that ðn; eÞ ¼ ð4;þÞ: Then q þ 1 divides r; whereas
ðq þ 1Þ=ð4; q þ 1Þ divides v: Since r divides v  1; it follows that q ¼ 3: Then
v ¼ 2835; and so r42; which is absurd.
(c) Finally let H ¼ NðPSpnðqÞÞ; with n even. By the Tits Lemma, r
is divisible by the degree of some parabolic action of H and hence is divisible
by q þ 1: On the other hand, it is easy to see that v is divisible by
ðq þ 1Þ=ðq þ 1; 2Þ: This contradicts the fact that r divides v  1:
(6) Let H 2 C6; so H is an extraspecial normalizer. Since jHj3 > jGj;
we only have to consider the possibilities where H \ X is 32Q8; 24A6 or 24S6
and X is U3ð5Þ; U4ð3Þ and U4ð7Þ; respectively. In each of these, r is too
small.
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too small}note that n59 here.
(8) The class C8 is empty.
(9) Finally, consider the case where H is an almost simple group
(modulo the scalars), not contained in one of the Aschbacher subgroups of
G: For n410; the subgroups H are listed in [Kl1, Chap. 5]. Since jHjjHj2p0 >
G; we only have to consider the following possibilities:
L2ð7Þ in U3ð3Þ;
A6:2;L2ð7Þ and A7 in U3ð5Þ;
A6 in U3ð11Þ;
L2ð7Þ;A7 and L3ð4Þ in U4ð3Þ;
U4ð2Þ in U4ð5Þ;
L2ð11Þ in U5ð2Þ; and
U4ð3Þ and M22 in U6ð2Þ:
Since r divides both jHj and v  1; we see that r2ov in all of these cases
except for L2ð7ÞoU3ð3Þ: In this last case, r ¼ 7; v ¼ 36; k ¼ 6; b ¼ 42: On
the other hand, G does not have a subgroup of index 42, cf. [At, p. 14].
If n514; by [Li1] we have jGj > jHj3: Hence n is 11, 12 or 13. By [Li1], we
have jHj bounded above by q4nþ8: Since jHjjHj2p0 > jGj; we deduce that jHjp0
is bounded below by q33; q43 or q53 in the respective cases. It is now easy to
rule out all the possible almost simple groups H using the methods of
[Li1, Li2].
7. LINEAR GROUPS
Here X ¼ LnðqÞ; we assume that q > 5 and qa9 if n ¼ 2; and q > 2 if n
is 3 or 4. Write fv1; v2; . . . ; vng for a basis of the natural n-dimensional vector
space for X :
(1) If H is reducible, then we claim that H ¼ P1 and S is Desarguesian.
Let H ¼ Pi with 14ion=2; the stabilizer of an i-subspace of V : If H ¼
P1; then the assertion is well known, so assume 1oi: Taking x ¼ hv1; . . . ; vii
and y ¼ hv1; . . . ; vi1; viþ1i we see that r divides qðqi  1Þðqni  1Þ=ðq  1Þ2:
Now v > qiðniÞ: Since r2 > v; we have either i ¼ 2; or i ¼ 3 and n ¼ 7: In the
latter case, take z ¼ hv4; v5; v6i to see that r also divides q9ðq4  1Þ=ðq  1Þ;
and so in fact r divides qðq4  1Þ=ðq  1Þ; contrary to r2 > v:
Thus i ¼ 2: Then G has rank 3, with non-trivial subdegrees
qðq þ 1Þðqn2  1Þ=ðq  1Þ and q4ðqn2  1Þðqn3  1Þ=ðq2  1Þðq  1Þ:
If n is even then we see that r divides qðqn2  1Þ=ðq2  1Þ; since q þ 1 is
prime to ðqn3  1Þ=ðq  1ÞÞ; and so r2ov; a contradiction. Thus n is odd
and r divides qðq
n21Þ
ðq1Þ ðq þ 1; n32 Þ:
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divides qðq2 þ q þ 1Þ: As r2 > v; we have r ¼ qðq2 þ q þ 1Þ: Then k ¼
1þ ðv  1Þ=r ¼ q3 þ q þ 2; and since b ¼ vr=k; we have q3 þ q þ 2 dividing
vr: On the other hand, ðq3 þ q þ 2; q2 þ q þ 1Þ ¼ ðq þ 3; 7Þ; ðq3 þ q þ 2;
q2 þ 1Þ ¼ ðq þ 1; 2Þ and ðq3 þ q þ 2; q4 þ q3 þ q2 þ q þ 1Þ ¼ ðq þ 6; 11Þ; and
so q3 þ q þ 24154: So q45; and in fact q3 þ q þ 2 does not divide vr for
these small q either.
Now consider n57: We have
v ¼ ðqn1 þ qn2 þ    þ q þ 1Þðqn3 þ qn5 þ    þ q2 þ 1Þ;
and r divides dc; where d ¼ qðqn3 þ qn4 þ    þ q þ 1Þ and c ¼
ðq þ 1; n3
2
Þ: Say r ¼ dc=e: Since r2 > v; we have e42q: Now ðv  1Þ=d ¼
qn2 þ qn4 þ    þ q3 þ q þ 1: Also,
k ¼ 1þ ðv  1Þ=r ¼ ðeqn2 þ    þ eq3 þ eq þ e þ cÞ=c:
Now b ¼ vr=k: By the bounds in [Li1], b is divisible by the index of a
parabolic subgroup Pj; and in fact j or n  j is 1 or 2. It follows that
ðqn  1Þ=ðq  1Þ divides b: Hence ðeqn2 þ eqn4 þ    þ eq þ e þ cÞ=c
divides cðqn3 þ qn5 þ    þ q2 þ 1Þqðqn3 þ qn4 þ    þ q þ 1Þ: On the
other hand, ðeqn2 þ eqn4 þ    þ eq þ e þ c; ðeqn3 þ eqn5 þ   
þeq2 þ eÞqÞ ¼ ðeqn2 þ eqn4 þ    þ eq þ e þ c; e þ cÞ; and a small calcula-
tion shows also that ðeqn2 þ eqn4 þ    þ eq þ e þ c; eqn3 þ eqn4 þ    þ
eq þ eÞ ¼ ðeqn2 þ eqn4 þ    þ eq þ e þ c; ð2e þ cÞq þ e þ cÞ: It follows
that eqn2 þ eqn4 þ    þ eq þ e þ c divides c2ðe þ cÞðð2e þ cÞq þ e þ cÞ:
Since c ¼ ðq þ 1; n3
2
Þ and e42q; we have either n ¼ 7 and q43; or n ¼ 9
and q ¼ 2; and these remaining cases are also easily ruled out.
(10) Let H be in the class C01; so G contains a graph automorphism and
H stabilizes a pair fU ;Wg of subspaces of dimensions i and n  i; with
ion=2: Write Go for the subgroup G \ PGLnðqÞ of G of index 2.
(a) Assume ﬁrst that U is contained in W : There is a subdegree
which is power of p here (note that Lemma 2.6 applies here). On the other
hand, a small calculation shows that the highest power of p in v  1 is q if p
is odd, it is 2q if q is even with q > 2 and it is at most 2n1 if q ¼ 2: Thus r is
at most 2q if q > 2 and at most 2n1 if q ¼ 2; contrary to r2 > v:
(b) Next consider the case where V ¼ U  W :Here p divides v; so r
is prime to p: Let i ¼ 1 ﬁrst. If x ¼ fhv1i; hv2; . . . vnig; let y ¼ fhv1; . . . ;
vn1i; hvnig: Then jGx : Gxyj ¼ qn2ðqn1  1Þ=ðq  1Þ; and so r divides
ðqn1  1Þ=ðq  1Þ: Thus r2ov; since v ¼ qn1ðqn  1Þ=ðq  1Þ > q2n2:
Now let i > 1: Let
x ¼ fhv1; . . . vii; hviþ1; . . . ; vnig; y ¼ fhv1; . . . vi1; vi þ vni; hviþ1; . . . ; vnig:
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v > q2iðniÞ; contrary to r2 > v:
(2) Let H 2 C2; so that H preserves a partition V ¼ V1      Va with
each Vi of the same dimension b; where n ¼ ab:
We start by considering the case where b ¼ 1; n ¼ a: Let
x ¼ fhv1i; hv2i; . . . ; hvnig; y ¼ fhv1 þ v2i; hv2i; . . . ; hvnig:
Let n ¼ 2 ﬁrst. Then v ¼ qðq þ 1Þ=2; and r divides 2ðq  1Þ: Since r2 > v; we
have r ¼ aðq  1Þ with a ¼ 1 or a ¼ 2: Now k  1 ¼ ðv  1Þ=r ¼ ðq þ 2Þ=2a;
so q is even. Hence r is odd, so r ¼ q  1: Now k ¼ ðq þ 4Þ=2 divides qðq2 
1Þ=2: It follows that q is 8 or 16, k is 6 or 10, and b is 42 or 204, respectively.
If q ¼ 8; then G has no subgroup of index 42, cf. [At]. So let q ¼ 16: Write
G ¼ L2ð16Þ:c with c one of 1, 2 or 4. The stabilizer Gl of a line l has order
20c: Now Gl cannot have a normal subgroup of order 5, since the Sylow
5-normalizer in G is 15:ð2 cÞ: Thus, c ¼ 4 and Gl is a group ½16:5: In fact,
Gl is 2
4:5; since jCGð5Þj2 ¼ 2: On the other hand, Gx ¼ S3  5:4 by
[At, p. 12], so Gxl ¼ 2 4; a contradiction.
Now let n > 2 (and b ¼ 1). Then r divides 2nðn  1Þðq  1Þ: Since v >
qnðn1Þ=n! and r2 > v; we have n ¼ 3 and q44: In these remaining cases we
get r43; since r divides v  1:
Now let b > 1; and consider x ¼ fhv1; . . . ; vbi; hvbþ1; . . . ; v2bi; . . .g;
and y ¼ fhv1; . . . ; vb1; vbþ1i; hvb; vbþ2; . . . ; v2bi; . . . ; hvnbþ1; . . . ; vnig: Then
r divides aða  1Þðqb  1Þ2=ðq  1Þ: Since v > qnðnbÞ=a!; we have
n ¼ 4; q45 and a ¼ 2 ¼ b: These remaining cases are also easily excluded.
(3) Let H 2 C3; so H is an extension ﬁeld subgroup. Since jHjjHj2p0 >
jGj; we have either
(a) n ¼ 3;H \ X ¼ #ðq2 þ q þ 1Þ:3oL3ðqÞ ¼ X or
(b) n is even, H ¼ NGð#SLn=2ðq2ÞÞ:
Consider case (a) ﬁrst. Here v ¼ q3ðq2  1Þðq  1Þ=3; so r is odd and
divides 3ðq2 þ q þ 1Þðlogp qÞ20 : Since r2 > v; it follows that q is one of 3, 4, 5
and 8. The last three of these are easily ruled out by arithmetic. Let q ¼ 3; so
H \ X ¼ 13:3oL3ð3Þ ¼ X ; v ¼ 144; r ¼ 13; k ¼ 12 and b ¼ 156: A linear
space with v ¼ k2 is an afﬁne plane of order k: Wagner [Wa] proved that any
ﬁnite line-transitive afﬁne plane is a translation plane, so that its order is a
prime power. This contradicts k ¼ 12:
Now consider case (b). Write n ¼ 2m: Since p divides v; it follows that r is
prime to p: First let n58: Let W be a 2-subspace of V considered as a vector
space over the ﬁeld of q2 elements. Then W is a 4-subspace over the ﬁeld of q
elements. Considering the stabilizer in H and in G we see that in GW =HW
there is an element g such that H \ Hg contains the pointwise stabilizer of
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contrary to r2 > v: Let n ¼ 6: By the Tits Lemma, since r is prime to p; it
follows that r is divisible by the index of a parabolic subgroup of H: Hence r
is divisible by the primitive prime divisor q3 of q
3  1: However, this divides
the index of H in G; so this is not allowed. Now let n ¼ 4: Then v ¼
q4ðq3  1Þðq  1Þ=2 (cf. [KL, 4.3.6]). Then r is odd and prime to q  1; and a
little calculation shows that it is also prime to q þ 1 (since v  1 is). Hence r
divides ðq2 þ 1Þlogp q; contrary to r2 > v:
Now let n ¼ 2: The non-trivial subdegrees here are
ðq þ 1Þ=2; and ðq  3Þ=2 times q þ 1 if q is odd, and
ðq  2Þ=2 times q þ 1 if q is even.
If q is odd, it follows that r divides ðq þ 1Þ=2; contrary to r2 > v (note that
v ¼ qðq  1Þ=2 here). Thus q is even.
We state the outcome of this case in the next lemma, due to Anne
Delandtsheer. This extends her previous work in [De1] where she already
considered the case where G ¼ X ¼ L2ðqÞ: I thank Professor Delandtsheer
for allowing me to include her result here.
Lemma 7.1. Let S be a non-trivial linear space, with a flag-transitive
automorphism group G, with L2ðqÞ / G4PGL2ðqÞ; q even, and Gx ¼
NGðq þ 1Þ: Then L2ðqÞ is flag-transitive on S, and S is isomorphic to a Witt
space (as in Example 1.2).
Proof. The argument here is to show that the socle X of G is still ﬂag-
transitive, so that [De1] can be used.
Write q ¼ 2e: Now r2 > v and r divides v  1; so r ¼ cðq þ 1Þ=d; with c and
d integers, both odd, c dividing ðe; 2e1  1Þ and d dividing q þ 1; and 1=2o
c=d: Further, k  1 ¼ ðv  1Þ=r ¼ dðq  2Þ=2c; so k ¼ ðdq  2d þ 2cÞ=2c;
and b ¼ vðv  1Þ=kðk  1Þ ¼ qðq2  1Þc2=ðdq  2d þ 2cÞd: Now b must be
a multiple of the index i of a maximal subgroup of G: We claim that
i ¼ qþ1¼ r; and prove this by considering the maximal subgroups one by one.
Firstly, assume that i ¼ q þ 1: If c ¼ d; we get the desired conclusion
r ¼ q þ 1; so assume that cad: Since we are assuming that i divides b; we see
that dðdq  2d þ 2cÞ divides qðq  1Þc2: Considering the factors of the latter
separately, we deduce that dq  2d þ 2c divides 2ð2c  dÞðc  dÞc2; and so is
smaller than 4c4: Then dq  2d þ 2co4c4 implies 2e ¼ qo4c4 þ 144e4 þ 1;
forcing e417: Now for each of these small values of e; the possible values of
c and d are easily determined and ruled out.
Next consider i ¼ qðq  1Þ=2: Since i divides b; we see that dðdq  2d þ
2cÞ divides 2ðq  1Þc2: This is impossible, since the former is divisible by 4
but the latter is not.
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of 2 and m a prime divisor of e; and i ¼ qm0 ðqm0 þ 1Þðqm0  1Þ=q0ðq0 þ 1Þ
ðq0  1Þ: Since i divides b; we see that dqm0  2d þ 2c divides q0ðq20  1Þc2: If
m ¼ 2; we deduce that dq20  2d þ 2c divides q0ðd  2cÞc2; and hence q0 ¼
2e=2o2c342e30; where e0 is the odd part of e: Hence e422 and is congruent
to 2 mod 4. But then ðe; 2e1  1Þ ¼ 1; forcing c ¼ 1; which is not possible.
If m ¼ 3; we deduce that dq30  2d þ 2c divides dq0  2c þ 2d: Therefore
2eo2e30 þ e02e=3; and so e is one of 3, 6 and 9. Each of these is easily ruled
out. If m55; we deduce that dqm0oq30c2  q0c2 þ 2d  2coq30c2; and so
2eð13=mÞ ¼ qm30 oc24e20; forcing either m ¼ 5 with e one of 5, 10, 15 and 20,
or m ¼ 7 ¼ e: Each of these is easily ruled out.
We have now established our claim that r ¼ q þ 1; so k ¼ q=2 and
b ¼ q2  1: We shall now prove that the socle X ¼ L2ðqÞ is line-transitive on
S: Let l be a line in S: Now G contains precisely q þ 1 parabolic subgroups
Mi of index q þ 1: Each Mi normalizes a unique translation subgroup Ti of
order q: If GloMi; since the order of Ti is prime to jMi : Gl j; we have
TioGloMi: Let li be the number of lines of S ﬁxed by Ti: We claim that
li ¼ q þ 1 and these q þ 1 lines are disjoint: for if two of the lines ﬁxed by Ti
have a point x in common, then Ti4Gx; so by Lagrange’s theorem 2e ¼ q
divides 2m; whence e ¼ 2; which is not so; hence li4q  1; and since
b ¼ q2  1; it follows that each of the q þ 1 subgroups Ti ﬁxes precisely these
q  1 parallel lines. In other words, each Ti stabilizes a partition of the set of
lines of S into q þ 1 disjoint lines}call it a direction Di: Note that the q þ 1
directions are pairwise disjoint (otherwise some line is in no direction and
hence is not ﬁxed by any line stabilizer). Note that Gl stabilizes Di setwise,
since Ti / Gl : Now the subgroups Mi \ L are conjugate in L; so L acts
transitively on the set fDig of the q þ 1 directions. Since G is line-transitive,
Mi is transitive on the set of q  1 lines in Di: Since Mi factorizes as
Mi ¼ GlðMi \ XÞ; we see that Mi \ X is transitive on the set of q  1 lines
in Di:
We have now proved our claim that X is line-transitive on S: Since k
divides v; it follows by a theorem of Camina and Gagen [CG, Theorem 1]
that X is ﬂag-transitive on S: Hence the theorem of Delandtsheer [De1] can
be applied to identify S as a Witt system. ]
(4) Let H 2 C4; so H stabilizes a tensor product of spaces of different
dimensions, and n56: These groups are too small for r2 > v to hold.
(5) Let H 2 C5; so H is the stabilizer in G of a subﬁeld space. Then
H ¼ NGðLnðq0ÞÞ with q ¼ qb0; b a prime. If b > 2 then as jHjjHj2p0 > jGj;
we get n ¼ 2; b ¼ 3 and q0 ¼ 8; but then the fact that r divides v  1 gives a
contradiction. Thus b ¼ 2:
If n ¼ 2 then v ¼ q0ðq20 þ 1Þ=d; where d ¼ ðq  1; 2Þ: By the Tits Lemma,
q0 þ 1 divides r; whereas ðq0 þ 1; v  1Þ divides 6; so this is impossible (note
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ðq0 þ 1; 3Þ (cf. [KL, 4.5.3]). By the Tits Lemma, q20 þ q0 þ 1 divides r;
whereas ðv  1; q20 þ q0 þ 1Þ divides 2q0 þ x; forcing q0 ¼ 2; v ¼ 120; r ¼ 7;
so that r is too small. And if n ¼ 4; then q20 þ 1 divides r by the Tits Lemma,
whereas in fact q20 þ 1 divides v:
Thus n55: Considering the stabilizers of a two-dimensional subspace of
V we see that r divides ðqn0  1Þðqn10  1Þ (as r is prime to p), contrary
to r2 > v:
(6) Let H 2 C6; an extraspecial normalizer. Using the fact that
jHjjHj2p0 > jGj; we get n44: Also, if n > 2 then H \ X is 24A6 or 32Q8
with X either L4ð5Þ or L3ð7Þ; respectively, and we check that r43; which is
not so. Let n ¼ 2: Then H \ X ¼ A4:aoL2ðpÞ ¼ X ; with a42; and a ¼ 2
precisely when p is 1 mod 8, (and there are a conjugacy classes in X ).
Hence p423: If p ¼ 7 then v ¼ 7 and G is 2-transitive, which we assume not
to be the case. The remaining ﬁve cases are easily ruled out, using the fact
that r divides v  1:
(7) Let H 2 C7; so H stabilizes the tensor product of a spaces of the
same dimension b; and n ¼ ba: Since jHj3 > jGj; we have n ¼ 4 and
H \ X ¼ ðL2ðqÞ  L2ðqÞÞ2doX ¼L4ðqÞ; with d ¼ ð2; q  1Þ: Then v ¼ q4ðq2
þ1Þðq3  1Þ=x > q9=x; with x ¼ 2 unless q is 1 mod 4, in which case x ¼ 4:
Hence r is odd, and it follows that r divides ðq2  1Þ2ðlogp qÞ20 and in fact
ðq2  1Þ2ðlogp qÞ20=64 if q is odd. Since r2 > v; we see that q is 8 or 32. These
last two cases are easily ruled out, as r divides v  1:
(8) Let H 2 C8; so H is a classical subgroup.
(a) Assume ﬁrst that H is a symplectic group, so n is even. By
the Tits Lemma, r is divisible by a parabolic index in H: If n ¼ 4; then
v ¼ q2ðq3  1Þ=ð2; q  1Þ; and ðq4  1Þ=ðq  1Þ divides r; but ðv  1; q2 þ 1Þ
divides 2. If n ¼ 6; then v ¼ q6ðq5  1Þðq3  1Þ=ð3; q  1Þ and q3 þ 1 divides
r; but q3 þ 1 divides v  1 only if q ¼ 2; in which case r ¼ 9; which is too
small. So n58: Considering the stabilizers of a four-dimensional subspace in
H and G we see that r divides the odd part of ðqn  1Þðqn2  1Þ: Also, r is
prime to q  1; so r divides ðqn  1Þðqn2  1Þ=ðq  1Þ2 and so certainly
ro4q2n4: Since r2 > v; certainly n ¼ 8: Then v ¼ q12ðq7  1Þðq5  1Þ
ðq3  1Þ=x with x ¼ ðq  1; 4Þ: Hence q43; and the remaining two cases
are easily ruled out.
(b) Next let H be orthogonal. Then q is odd: this is certainly true if
the dimension is odd, and for even dimension it follows from the maximality
of H in G: If n ¼ 4 and H is of type Oþ4 ; this has been investigated
above. In all the other cases, by the Tits Lemma r is divisible by a parabolic
index in H; and hence is even. On the other hand, v is even, so this is
impossible.
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where q ¼ q20: If n54 then consider the stabilizers in H and G of a non-
singular 2-subspace of V ; we see that r divides ðqn0  ð1ÞnÞðqn10  ð1Þn1Þ:
Since r2 > v; it then follows that n ¼ 4: Then v ¼ ðq40 þ 1Þðq30  1Þðq20 þ
1Þq60=x; with x ¼ ðq0  1; 4Þ: Since r divides ðq40  1Þðq30 þ 1Þ and r is prime
to ðq20 þ 1Þðq0  1Þ; we see that r divides ðq30 þ 1Þðq0 þ 1Þ; so r24v; a
contradiction. Thus n ¼ 3: By the Tits Lemma, q20  q0 þ 1 divides r: But r
divides v  1; and v ¼ q30ðq30  1Þðq20 þ 1Þ=x with x either 1 or 3. It follows
that q0 ¼ 2; but then v ¼ 280 and r divides 9, which is too small.
(9) Finally, consider the case where H is an almost simple group
(modulo the scalars), not contained in one of the Aschbacher subgroups of
G:We see from [Li1, Theorem 4.2] that n47: For n47; the subgroups H are
listed in [Kl1, Chap. 5]. Since jHjjHj2p0 > G; we only have to consider the
following possibilities:
n ¼ 2;X \ H ¼ A5; q one of 11, 19, 29, 31, 41, 49, 59, 61 and 121;
n ¼ 3;X \ H ¼ A6oL3ð4Þ ¼ X ; and
n ¼ 4;X \ H ¼ U4ð2ÞoL4ð7Þ ¼ X :
In the ﬁrst of these, where A5oL2ð11Þ; the action is 2-transitive. In all the
remaining cases, as r divides both H and v  1; we get r2ov; a contradiction.
The proof of the Main Theorem is now complete.
8. APPENDIX ON EXCEPTIONAL GROUPS OF LIE TYPE
In this appendix, we deal with the exceptional groups of Lie type and
prove the following theorem of Kleidman:
Theorem. Let S be a finite non-trivial linear space, with a flag-transitive
group G of automorphisms of S. Assume that G is almost simple, with the
simple socle of G being an exceptional simple group of Lie type. Then S is a
Ree unital and FnðGÞ is 2G2ðqÞ; as in Example 1.4 above.
The exceptional groups of Lie type come in ten families. Of these, three,
namely 2G2;E7 and E8; were treated in full in [Kl3]. The case where G is the
simple group 2B2ðqÞ was handled in [De1], using the list of maximal
subgroups in [Su]; it is easy to extend the arguments of [De1] in this case to
cover also other groups with FnðGÞ ¼ 2B2ðqÞ: For the remaining six families,
proofs were given in the unpublished manuscript [Kl4]. Since this is not
likely to be published, we give alternative proofs here. We shall prove that
no examples arise.
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G is not of type E6: By Lemma 2.6, there is a unique subdegree which equals
a power of p; whence r is a power of p: On the other hand, since r divides
v  1; we check that r2ov: Now let G be of type E6: If either G contains a
graph automorphism or H ¼ Pi with i one of 2 and 4, Lemma 2.6 still
applies and we argue as before. If H ¼ P3; the A1A4 type parabolic, then
v ¼ ðq3 þ 1Þðq4 þ 1Þðq6 þ 1Þðq4 þ q2 þ 1Þðq8 þ q7 þ    þ q þ 1Þ:
Since r divides v  1 (and jHj), it follows that r divides qðq5  1Þ
ðq  1Þ5 log q; so r2ov: If H ¼ P1; then v ¼ ðq12  1Þðq9  1Þ=ðq4  1Þ
ðq  1Þ and the non-trivial subdegrees are
qðq8  1Þðq3 þ 1Þ=ðq  1Þ and q8ðq5  1Þðq4 þ 1Þ=ðq  1Þ:
Since r divides both of these subdegrees, we see that r2ov:
Assume next that G is of type G2;
3D4 or
2F4: In these groups, all maximal
subgroups are known [As2,Kl5,Ma].
Consider X ¼ G2ðqÞ ﬁrst. We assume that q > 2; since G2ð2Þ0 ¼ U3ð3Þ:
Consider the case where H \ X ¼ SLe3ðqÞ:2: Here v ¼ q3ðq3 þ eÞ=2: We can
use the well-known factorization O7ðqÞ ¼ G2ðqÞNe1 (cf. [LPS1]). It follows
that the O7ðqÞ-suborbits are unions of G2-suborbits, and so r divides each of
the O7ðqÞ-subdegrees (for much more precise information, see [LPS2]). The
argument for the odd-dimensional orthogonal groups (Section 4, case 1,
i ¼ 1) rules out q odd. For q even, the subdegrees for Sp6ðqÞ are given in
Section 3, case 8. Since r divides each non-trivial subdegree and r2 > v; it
follows that e ¼  and
v ¼ q3ðq3  1Þ=2; r ¼ q3 þ 1; k ¼ q3=2 and b ¼ q6  1:
Now the stabilizer in H \ X of a line l on x is the subgroup ½q3:ðq2  1Þ:2:
On the other hand, Gl \ X ¼ ½q5:SL2ðqÞ (note that it is subgroup of a
parabolic subgroup of X ); this contains no cycle q2  1:
The remaining possibilities for H are easier to rule out. For G2ðq0Þo
G2ðqÞ or 2G2ðqÞoG2ðqÞ; use the Tits Lemma on H to obtain a contradiction.
If H ¼ NGðSL2ðqÞ8SL2ðqÞÞ; we have v ¼ q4ðq4 þ q2 þ 1Þ; now r divides
ðq2  1Þ2 log q and ðq2  1; v  1Þ42; so r is too small. If J2oG2ð4Þ; then
v ¼ 416; since r divides v  1; it is too small. In all the other cases, r is easily
seen to be too small.
Next, if X ¼ 2F4ðqÞ; there are no proper subgroups (other than the
parabolics) satisfying jHjjHj2p0 > jGj; as we see from [Ma], except in the case
q ¼ 2: Here H \ X is L3ð3Þ:2 or L2ð25Þ: These are ruled out as usual.
Next let X ¼3 D4ðqÞ: If H is the normalizer in G of G2ðqÞ or SL2ðqÞ8
SL2ðq3Þ; then v ¼ qeðq8 þ q4 þ 1Þ; where e is 6 or 8, respectively. By the Tits
JAN SAXL346ACKNOWLEDGMENTS
The results of this paper were announced in [BDDKLS], as part of the classiﬁcation of ﬂag-
transitive linear spaces. It was then intended to publish the complete proof of this classiﬁcation
in book form, by these six authors. However, that project has fallen through for various
reasons, and it appears that the proof will now be published in parts. The case of classical
automorphism groups represents my contribution to the project, so appears under my name
only. Nevertheless, I received a great deal of help in the course of the work from other members
of the BDDKLS team, and I am very grateful to them for their help. Some of the arguments
Lemma applied to H; we see that q þ 1 divides v  1; we deduce ﬁrst that
q ¼ 3 and then that r is too small also in this case. If H \ X ¼ 3D4ðq1=2Þ; use
the Tits Lemma together with Lemma 2.2.
We are now left with the cases where G is of type F4 or E
e
6; with H not a
parabolic subgroup. Since r2 > v; we deduce from Lemma 2.2 that H
contains NGðTÞ for some torus T in G: Much more is known about the
maximal subgroups of these groups G than when [Kl3,Kl4] was written}cf.
the survey article [Li4]. If H is a square-root subﬁeld group in G (possibly
twisted), we apply the Tits Lemma to H: then r is divisible by a parabolic
index in H; which is contrary to r being prime to v: We deal next with the
subgroups of maximal rank listed in [LSS2] (including the maximal local
subgroups of G). In particular, we consider Table 5.1 there (the groups in
Table 5.2 are too small). If X ¼ F4ðqÞ; since jHjjHj2p0 > jGj; we have H the
normalizer in G of one of SL2ðqÞ8SL6ðqÞ; dO9ðqÞ; d2POþ8 ðqÞ (with
d ¼ ðq  1; 2Þ), and 3D4ðqÞ: In the ﬁrst of these, v ¼ q14ðq4 þ 1Þðq6 þ 1Þðq4 þ
q2 þ 1Þ; and so r divides ðq2  1Þ4 log q; which is too small. The remaining
three cases are excluded using the Tits Lemma applied to H; which forces a
parabolic index in H to divide r: If X ¼ Ee6ðqÞ; then H is the normalizer in G
of one of SL2ðqÞ8SLe6ðqÞ or hðPOe10ðqÞ  ðq  eÞ=hÞ (with h ¼ ðq  1; 4Þ).
The former is easily ruled out: since r is prime to v; it follows that r divides
ðq2  1Þ4ðq5  eÞðq3  eÞ log q; so is too small. In the latter, v ¼ q12ðq8 þ
q4 þ 1Þðq9  eÞ=ðq  eÞ: A tedious calculation shows that r dividing v  1
forces again r2ov (note that v is 3 modulo 4).
Now reduce to H simple: we know already that H is not local, and if H is
not simple, then it must be a maximal rank subgroup, a case already
considered. Then, if H is sporadic, alternating or of Lie type in characteristic
different from p; since jHjjHj2p0 > jGj; the only possibilities are L4ð3Þ:2o
F4ð2Þ; O7ð3Þo2E6ð2Þ:2 and Fi22o2E6ð2Þ (cf. [LSe2]). Since r divides v  1;
we get r dividing 39; 39 and 3; respectively, a contradiction to r2 > v: Hence
H is almost simple of Lie type in characteristic p: Using the fact that jHjj
Hj2p0 > jGj; we deduce from [LSe1, Theorem 6] that H is a maximal rank
subgroup, a case already considered.
This completes the treatment of the exceptional groups of Lie type.
FLAG-TRANSITIVE AUTMORPHISM GROUPS 347dealing with the groups of automorphisms of L2ðqÞ are due to Anne Delandtsheer; I am grateful
for her permission to include these. In the Appendix, for the sake of completeness, I present a
treatment of the exceptional groups of Lie type. This was done by Kleidman [Kl4] as his part of
the project. However, he only published an outline in [Kl3], and is not likely to publish further
details. I thank him for his permission to include the results in the Appendix.
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